Abstract-A model of mammalian skeletal muscle is developed from experimental results from a rat gracilis anticus muscle at 17.5°C. The approach consists of factoring pertinent variables of muscle contraction (length, force, velocity, and duration of stimulation) into a series of physically realizable functions. The analysis indicates that for lengths less than 120 percent of rest length, mammalian skeletal muscle can be modeled as a nonlinear force generator, a function of length and time, bridged by a nonlinear viscouslike element, a function of time, length, and velocity, in series with a nonlinear elastic element, a function of length. A close correlation exists between the results obtained during an analog computer simulation of the model and those from a typical rat gracilis anticus muscle.
INTRODUCTION
, [8] .
This paper develops a matheematical model of mammalian skeletal muscle, useful to engineers interested in the maimmalian neuromuscular control system and the design of prostlhetic devices that utilize paralyzed skeletal muscles. The model is based upon an analysis of experimiental data from mlaimmnialian skeletal muscle. The approach will be similar to that proposed by Carlson for frog muscle [11 in that it consists of factoring the pertinent variables of muscle contraction into a series of functions which can be easily determined and sinmulated for comuputational purposes.
When skeletal muscle is stimulated, it is rapidly activated and changes from a passive tissue into a dynamic tissue capable of developing a force. During stimulation, tlhe length of the muscle may decrease, increase, or remiiain the same, depending upon the external opposing forces acting on the muscle. The fundamental response of a muscle to a single supramaximal stimulus is called a twitch. If the supramaximal stimulus is repeated within an appropriate interval, the twitches can be made to fuse into a smooth tetanic contraction. The difference between these two types of response is the transient nature of the twitch and the maintenance of a steady contraction during the tetanus.
Unstimulated muscle offers little resistance to stretching over the range of muscle lengths found in situ. The relationship between length and tension in an unstimulated muscle is nonlinear, the muscle progressively getting stiffer as length is increased. Experimentally, this resistance to stretching has been found to reside in the connective tissue surrounding the nmuscle and in the membrane that encompasses each muscle cell [9] , [10] .
The dynamic characteristics of stimulated skeletal muscle are best determined from isotonic afterloaded (constant force) and isometric (constant length) experiments. When skeletal muscle is tetanized and allowed to shorten against an isotonic load from a fixed initial length, its velocity of shortening L is a function of the external isotonic force P and L, the length of the muscle
[1], [4] . It has been recently shown by Bahler et al. [8] that for mammalian skeletal muscle, if the initial length of the muscle is varied, the velocity of shortening is a function of an additional variable related to the duration of stimulation, or L =f(L, P, t8), whlere t, is the duration of stimulation. The force developed by a stimulated muscle restrained from movement is a function of time and length [I1, [4] , [6] . When the relationship between maximum developed force and length (isometric length-tension curve) is examined, a paraboloid emerges with a peak tension Po at a length normally designated as rest length Lo [10] .
There have been many attempts to relate matlhematically the velocity of shortening of an isotonically contracting skeletal muscle to the force it develops (isotonic force-velocity curve Fig. 1 [2] , [3], [6] . Prior to stimulation, the contractile element is considered to be highly compliant, so that the resting length-tension curve is equivalent either to the characteristics of the parallel elastic element [ Fig. 1(a) [12] , [13] . Repeated stimuli reactivate the contractile element at a rate equal to the frequency of stimulation.
With this background a model of mammalian skeletal muscle can now be developed. The model will be based upon experimental results acquired from tetanically stimulated rat gracilis anticus muscles at 17.50C and lengths less than 1.2 Lo. The results have been normalized in such a manner as to make them applicable to other mammalian skeletal muscles. Since the parallel elastic element can be neglected, the analysis will assume that mammalian skeletal muscle is a two-component system (series elastic element and contractile element) and evaluate these individual system components for the rat gracilis anticus muscle. No attempt has been made to model long term plastic deformation of the muscle or the effects of sinusoidally varying the length or force across the muscle.
METHODS AND MATERIALS

Preparations
Experiments were performed on the right gracilis anticus muscle removed from anesthetized (sodium pentobarbitol, 45 mg/kg) male Wistar rats approximately 50 days old. Details of this preparation are presented elsewhere [8] , [12] . After dissection, the muscle was placed immediately in a 1500-cc bath (16.5 to 1 7.8°C) containing oxygenated (95 percent O2, 5 percent C02) bicarbonate-buffered Krebs-Ringer solution pH 7.3 (NaCl, 116.8 mM/I: KCI, 3.5 mM/I; CaC12, 2.5 mM/l; MgSO4, 3.1 mM/; NaHCO3, 28 mM/l; KH2PO4, 1.2 mM/l; and glucose, 11.1 mM/l). The muscle was then attached to small stainless steel yokes, which were connected to the lever system [143. Lever System Two lever systems were used in this study. The first, shown in Fig. 2 , consisting of an electromechanical torque source, lightweight magnesium lever (250 mg), velocity and force transducers, control circuit, and low-impedance pulse generators, has been described previously [14] . The other was a similar design, except that a composition balsa wood, aluminum lever member (240 mg) and separate length transducer were used. All muscles were stimulated supramaximally by two platinum multielectrode assemblies which set up an electric field normal to the long axis of the muscle (current density -.80 10-3 A/cm2).
Experiments were performed using trains of from 14 to 40 pulses of 2 ms duration with separations of from 10.5 to 16.5 ms. Records were displayed on either a Tektronix RM 561A or a Tektronix RM 564A oscilloscope and recorded on Polaroid type 107 film. The recording oscilloscope was intensity-modulated in all experiments by the stimulating pulses.
The lever systems employed permitted isometric (constant length), isotonic (constant force), and quick release experiments to be performed without removing the muscle from its original attachments.
ANALYSIS
The following section will outline the procedure used to model the dynamic behavior of mammalian skeletal nmuscle. Since 
where Lo=Lo-LSE.
The character of f5(L,,, VCC) is slhown in Fig. 7 . The family of curves in this figure was generated as follows.
At fixed lengths, a series of force-shortening velocity curves was constructed fromn the isotonic lengtlh-velocity phase trajectories given by (12) . The boundary condition of (15) (21) where Al is the mass of the external load and B is the damping of the external load. A comparison between a family of isotonic lengthvelocity phase trajectories generated by the analog computer and that obtained from the muscle that was modeled is shown in Fig. 10 . The results from the computer (solid curves) closely resemble those obtained from the gracilis anticus muscle (circles and triangles).
It should be noted that both families of phase trajectories exhibit the same shift of maximum velocity towards lengths greater than Lo as the external load is increased. The effect of changes in initial length on the separation of the phase trajectories is also clearly seen, from the small separation at light external loads to a distinct separation with heavy external loads.
The early phase of the computer generated curves does not match the experimental points for initial lengths greater than 1.1 Lo. The probable explanation of this occurrence is a lack of symmetry of the isotonic length-velocity phase trajectories and isometric lengthtension curve. The model assumes that both of these relationships are even functions of contractile component length, a condition that is obviously not always fulfilled.
The model's dependence upon length, velocity, and time suggests an additional experimental technique that can be used to test its ability to predict the dynamic performance of mammalian skeletal muscle. Suppose a muscle is allowed to shorten against a force that rapidly changes. If this force changes from a small to a large value, the model predicts that the quicker t he muscle arrives at a given length, the greater the velocity of shortening at that length. That such results do occur is shown in Fig. 11 . To a high degree of accuracy, the model predicts the behavior of the rat gracilis anticus muscle. The model of muscle developed in this paper has been based primarily on data obtained from isotonic experiments. However, it can suggest the results of an isometric tetanic experiment. The computer simulation of the model compared with the experimental data of a typical isometric tetanic contraction is shown in Fig. 12 .
The disagreements that do exist between the model and the experimental results arise mainly from two sources. First, the relationship between force and time of the internal force generator (active state) is a complicated 255 function of timlle and length [12] , [13] , whereas the analysis assumes it is a simple step function. Second, the nmuscle exhibits a short and long terrmi plastic deformation [10] , whereas the model assumes no such creep. DIscussioN The normalized relationships developed in this paper are based upon experimental results obtained from tetanically stimulated rat gracilis anticus muscles at 17.5°C. The normalizing factor used for length was rest length Lo and for tension was maximum isometric tetanic tension Po. Both of these factors are reasonably invariant when different skeletal muscles are examined [10] , [16] , [18] . Therefore, qualitatively, the analysis and the modeling determined for the in vitro rat gracilis anticus should be typical of all mammalian fast muscle.
To increase the usefulness of the model, the results obtained at 17.5°C may be extrapolated to normal body temperature (38°C). Raising the temperature of cooled in vitro muscle causes the muscle to develop a higher velocity for a given isotonic force, but does not appreciably affect the maximum tetanic force developed or the shape of the isometric length-tension curve [10] .
If rat muscle behaves like other biological chemical reactions, one would expect the velocity of shortening to lhave a Qio (increase in rate of reaction for a 10°C change in temperature) of approximately 2.5. However, Close [19] standing of PFM thus implies two important possibilities: 1) features of this type of communication system may be found applicable to man-made systems, and 2) the basic properties of PF1M may imply certain organizational or structural features of neural networks or elements that capitalize on these properties.
Both possibilities have remained principally ideas because of the analytic intractability of PFM. This results mainly from the implicit relation existing between pulse intervals and the sampled input, and the nonuniform and unknown a priori sampling intervals. Consequently, most investigations have been confined to integral pulse frequency modulation (IPFMI) [4] - [7] , which is an idealization or simplification of PFMI as it appears in the nervous system. Even so, the nerve cell impulse generation process has muclh in common with IPFM and both share certain advantages not available with other pulse modulation techniques. It is significant that recent neural network models enmphasize PFM (i.e., the nmechanism of nerve impulse generation) as a contributor to the properties of larger systems, even if the process must be simplified [8] , [9] . On the other hand, earlier network models have often endowed cells with properties hlaving little relation to the imnpulse generation process [3] , [10] , [11] . The need for an understanding of PFI also arises because of the increased use of linear systems analysis in the study of dynamic properties of neuronal systems [12] - [16] . Here an analysis of PFM is necessary to determine the contribu-
